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A CO~~~ETE I~~ ORTANC E RA!~CING FOR CO~~ O~~ T~~S ~~~~~~~~~~~

OF BINARY COHERENT SYSTEMS , ~~~~~ ,~,
WITH EXTENSION~3 TO MULTI-STATE SYSTEMS

D. A. Butler

1. Introduction

Given a system composed of many components, a question of con-

siderable interest is which components are most relevant or crucial

to the proper functioning of the system. In response to this question,

a number of importance measures and rank ings have been proposed (b),

(1~) . (5,~. (9) .  This paper investigates a new ranking and compares it

to existing rankings, pr incipally the ranking indv~~ the Birnbaum

reliability importance measure. The new ranking - d upon minimal

cuts and provides a complete ordering of all the system’s component s

relative to their importance to the system reliability. This ranking

has three main points in its favor, (i) the calculations involved

require only readily obtainable information; (ii) the calculations

are usually quite simple: and (iii) the ranking is designed for use with

systems consisting of highly reliable components, the most common case.

The final section of the paper deals with extensions of importance

measures and rankings to systems in which both the system and its

components may be in any of a finite number of states. Many of the

results about importance measures and rankings for binary systems
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established in preceding sections are shown to extehd to the more

sophicticated multi—state systems. Also, the multi—state importance

measures and rankings are shown to be decomposable into a number of

sub-importance measures and rankings.

:) . Preliminary Definitions

Consider a system which consists of n components labelled

1. . . . ,  n. With each component i, associate the binary random variable

X., where
1

1 if component i functions satisfactorily,
x .

~ 
( 0 otherwise.

The time domain over which the compon~nts and the system are to func~ icn

is implicit and not specified . This time may be fixed or variable and

may not even be ~he sane for each component.

Let X = K 1 Xn)~ 
It wilL be assumed that the system

functions or fails depend ing solely upon the random outcome X. There-

fore one can d ef i n e  a function ~ as follows:

1 if the system functions given X x
for all x C S,

0 otherwise

where S = (xC ~~
1
:x. = 0,1 is the range of X.

The notation arid basic definitions of Sectio~s 
~~ , 3 and ).~ follow that

of (
~, throughout.

2
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This function ~ is called the strdcture function an~ relates the

system ctate (namely 0 or l’ to th e  component states.

For each x tet (1. ,  ~ ~onote thc vector
— 1 —

(x 1, x , . . .,  x~~1
, . . . ,  x ) .  Similarly , let (O

i.
x)  ieno 4.e

the vector (x1
. x2, . . . ,  x . 1 , 0 , x .~~1. . . .,  x ) .

‘Definition . A component i is relevant if and only i~ there exictc

an x C S u-:~c~, tL~at d(O.,x)  ~~
‘ O ( i . . x ) .  Otherwise , co~uonent i

Irrelovant.

A component in irrelevant simoly if it never affects the state of the

~yctc~~. Of course, moct systems do not contain irrelevant components.

P~lso, moct systems have the properties that (i) the system fails if

all its components fail and functions if all its components functic

and (ii) it is not possible to degrade the system .$tn e by upgrading

one or more component states. Ther - f~’!cO~.nenta1 prorert~e.~ are embodied

~.n the follo~~ng definition .

Def initi on ~
‘. A structure function ~ ic coherent if and only if

i) 
~~~(°~~ 

= 0, ~(i) = 1,

iI~ ~~~y is non—decreasing in x ,

iti~ each component is relevant.

The ordered pair (N ,~~) where N is the set of component ind ices

i~ called a coherent system.

To avoic the use of mult iple narenthes~~s. the notation ~‘(O j ,x )  will
Ic ‘u -ed in niace of ~~( ( O j . x ” . When no confusion can result similar
~- nnT  I~~ uaLionc’ will be ennloye d without ~ent~ on in the f’~Dlowing .
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“ : u~J LDJ .e 1:

a) N (1, ) , ‘)

x( l - (~ -~ ~~~~~~~~~~

‘our :e .~____.__________>
*~~

b)  N = 
r

x x -~- x x . -~ x x , - ~x >: x .1 ,- 1 1 . -

Source IE
~EE~E~EEII:IIIIII:II•I~

•) 7. tn~c

‘.~x a-m’le 1 ‘d ~~~ exhib it s ~~ :,u:’ule c o h e r t c ,;ster:~ . T}.e ‘t:t’:otore

‘~“ ur  hot .u c~’cter r : ar e ~ceoified I
~
y ~~‘‘in ~ i T , ~, ‘:c ’

~c:ev’~~. t’De acc~ uoany D ng grauh~ prov~ more eacil:D on r s tood r e p r e —

‘ e n a ~ Inr : -~ d” tJ’u cy” ’t i n c ~~’ c”c’~re.” Ap~v ‘~o~erent 0;; :: t e~’ . is er resentanie

b y s ’  a ~t::. 0 ~ooe Vra I d .o ~~‘rti: ~ of ij ec t e d an und i :e: ~ed e

enI ai~ u-’: ” nr.aIu a uniaue source  ~n -  a ‘~n i  ( ‘oe o i i ~c . A op ec if i c

• o ~ cor :en . Ic  assoc~ at e ‘~‘ItI: eac:’. ed~ e . ~ne cu-tern iiwct.ionr if ‘old

I f ’  i t Ic r u - c : i C’c” to proceed f r o .  ~r u .’-o~ tc sinic ~1cc o a path

I 7 llowtng t b e  c ’rIe r i ’~~uti-jr r . of rLnj 1~ ‘ ~“-~e~ ~ : 1gec. in tIrc ±h ’ a1~ 
ofL



ahoce edges correspon I to fur: .ion in ~’ c or ’tp onent .: . In Example 1(a) it

is seen that tf components 1 and I’ ~,rrotion and ccs~~or.ent 5 fails, then

the system functions because ~t to possible to go from the source to

sink along the T ?
~~~met io : l i I1~~~

I path (1,~~) .  However , shosic component 1

f a i l ,  then regardless of the s tut e s  of component s I.’ an i  ~~~, the system

fails  beca’~~e no such path then exists.  The coherent system of

Example ~( t )  is called a 2-oiu. —~ system . This systelr consists of three

conUonents and func ti ons  if and only if at least to of t i e  components

funct ion .  Note that in the ~:ra h ical  represeniation of th i s  system each

component is assigned to more than one edge. It ii not possible to

represent this system by a graph for Thlch there is a one-to-one corres-

pondence between edges and components .

In the following , it sill be assumed that the random variables

ii. are mutually independent. (Of course f o r  many systems such is not

the case. Factors which cause dependence include the T t loading t? wh ich

may occur on remaining ccn.ooneuts should cu~ or more narts fail , un i

“common-mode ” fai lures,  that is. s imultaneous failures of two or more

romcune:ntc sterntu1r~ from a sinlz’De cause.) Let p. l ’r (X . =ij ; 
~~ 

is

called the reliuhility of cornponcnt I. Similarly, the system

reliability is d efined a: Pr[Q’(X . 1). Assum ing irs ieoenience, one

can corse te the cy::tem reliab:. lity knowinlc, only the value of

p ~~~~ p p~~~. and thus def ne the reliability function,

h~ n r’ r~9’(X) 1).

In the following whenever the scalar p appears in an expression
normally involving the vecto - o , will  be .‘. nderctood to be a vector
all of shose co’nnonentr: are equal to p. i.e.. = ~o .p p).

I
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r ~~ i’~~~~~~~~~~

‘:X ’~.-.~~le C’ L5 .  i . e t

( a )  h~~~ p1
( l - ( t -  , ) ( 1-h . ) )

( b )  ~~~ ~- p1 p + p 1p .  r . — 

~~~~~~ 

c c

,‘. Def initions cf Com~pori ’ost ~~~~prtance--Bthar’:,’ Systems

du -toi  der an arbitra~~ coherent rr - ’ :tcm ‘ N .~~) of i ndece r orsO

components with ~r ’  .. ri a t es . r e l . iabi l  f y i lnot  ion h~ r - Bi~-nb i~u ( 1 )

e f i r se c  crooc r tance ~: follows .

Definition’ li!’nhas!:h : T~-’o reiiahil.itv ismc”tance o~ o.m ’soner± I,

I,(i~ o , Is ~~~~ in . . (Ofter . the ‘iep en. ien oe upon is ~ . u nr e c s e d

and the notation c ir s o l i f i ed  to

An ecuivalent d e fI n i t i o n  of Ih
( i\  given by Prooosit3cn I below ,

Due’ to B~ rnhau-” 
(h~~

- h (O .,~~)

0-r cocos ion’I nf on , • ‘t~’the:’ cr  not 1. ‘ 1. one oar: eas ly show

tr ot

h , v = o . h ( l . . r ÷ (h-p.) h(O . . fç~ mdl o. ~1)
- 1

he ~ecll~. then follows tune :.adely p00 3 I~~
’e ‘u-s d~

0

~ 

—
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P roposi t ion 1 simp ly states that the hi . nhaur’ reliability

importance ‘of component i i~ the pr ~ o ’ . i lity tha t  the  .:yotem functions

l Iven  component ikoictioiss m 1r~cc the j:s’o:. bility that the oyster:

functions given corn uonent frh IO .  Clearl y ,  0 < Ih(i:~
) < 1, and

Ih t ;
~~

) does not ‘iepec. i upon p 1. Because of this last r r oy er ty ,

Ih ( i ) can be used to directly calculate the change in  the system

reliability re ssr l t I r~c fm ::: a change in

Proposition 2: Choose 0 ]? so that 0 + ~ ~ 1. Define

- f l .

~~~ o 10

~ ~ p .
=

~ ! p~ + s ’

Ph 
~

Proof. By Proposit ion 1 ansI e~ uatior. ( l I .

+ 
~Ih ( i ;

~~ 
= p1h(l.,y~ + (1— s . )  h ( O . ,~~ + Lhçl .,~~ —

= f . t (l . .~ ) + ( I—i : . ) h ( O . ,~~)

4- (l-~~~) h ( 0 .h ~~

= h(~~) .  LI

To calculate the Bj rnbaum relj abj 1its~ importance of a component,

a knowledge of the reliability function h ( • )  and the component

re .iab .~lities p 1,p p are r e q u i r ed .  Birnbaum has also oroposed

the following def ini t ion of s tructural  importance, wh i ch can be ured

~her tr .e coitoonent reliabilities are unknown.

7
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,j. ~ZO” ~~~ T’~~ .L’n .. Z.’ t ”_ _., c_~L~. . ,  

Oefinjt .h.~~~
. ~‘he vector ~ P a ri - t3 ea 1 _____ ______

if’ ar. I only i f  ~~( i ., x ’ — U~ O . , x i  1.

Definition : Let n~ (i) = l x i  S:x is a critical vector  for component i f l ,

where . :ienoter set cachiriuli ty. The Bimnbaunt r truo 1 scral tmnorta nce

~~ e ,j, T(~
(. i ) .  is ef i i ie .~ by i,~W 2~~ r~ (i~~, or ecuivalerstly .

I~~(i) 2 ° 
~ [ D ( t . , x 5 -

This :e f l r i i t ion  of ~o’nccnor1a .‘.r’tçn tance reci..I reo only Insol e Ige of the

‘truct ssre function for Ito ca~ oulat ion. Bjrnbaun s r . 1 ccl lit; and

.:troocurai. importance measurer  are relate I In the folds-w i n g  ~. r u o o r ’ i t l c c .

°‘~-onositlonl’Pimnb aors~ : I,1( j )  = L ( ’ : i/ 2 ) .

broof ~ dy summing over tIe 1* ross oble volues for roe ran-arm vector  X .

x .  1—x .
h~~~ = 

~~

‘
. p. 

1
( 1_ p . )  

1 D K x
C12 1

Thus

Z 
.
~~~~~

. 
p :

’(1
~~~i~ ~~ 

-

~ .. S i—s

I~ ( j ; 1  ‘)  ~~~ 2 ’~~~(l ,~ -

- -  x’h~S

f-
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Thus, the 3:. mnbaurs structural ~rrnorswo -e is just th e  hirrbaum reiiabilid ,’

i::.onrd sco chere each ‘sorponrnt Lw ar su no : he a:: l ikely to fail  as

to func~ on. A more complete i i  scu cc ion of t ie  Di -nt ’cum reliability

and structural importance reaso)YCS is .‘:YOLOfle i in  ( 0 )

Barlow an .~ S ro sccr :1  (5 1 have also Je io lo se  strt . ’ r : •r a l  ard

reliability importance measures. Theii’ rel:abiiitv i::rcrtanscr mea’~ ;re

rea’:irros a hnor’d’’dge of th~ dirtrihot’rsn IT of thu t ire-to—failur e

t’cr each comp onc-rst 3 .

t e f i n i tic n~~h ‘Ba~h. o-Proochan ’ The B-P reliabiliry Imp ortance of

coon rient. I. P~ (i) is 11.’CP cv

Ph
i , 1 . .~~( t )  ) — h(0 . ,~~(t

’ \3 .~~~~
‘ ~~~

0 
- - -

or equivalently,

Ti ( = ( . 
‘ 

‘~
- ‘ ,no (+

0 ~h~~
’-- i ’

Note: ~~t) denotes ~ rc vecror (.‘ -i”1
(t), I-IT,f (t l-F (t)) in too r-uov ~ . ‘

‘Th is mear’:r~ can ‘o ‘ o er r r ote  : as ti~e :‘rcbaoilit\’ that the failu re of

component . cac: : ‘ 0  r :Y :’ -oo :  to  fei’ (i l’Then the F
1 

are unknown .

°ar]c~w anI I ros oIC. n :r lgoe:-t the .:cc of the  ~:ovo rseas’.rre with the

:,ucct i:~ution of a common i-ime_to~ failure rislrioution F for each F. .
1

dv making the chan~ e of variable s ~ (t~ the following definition

-— ~~i~~~
_

~~
__

~iI_, • - 

- 
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~~~~~r1~~~~~~~’ ~Fa:-l ow— so: l a:~~ The : —1° r s . o t u a d  i r ’ :.so ’ io: s :

: O :;O O~~~!1
’
~.1.  i~ L ) ,  i s  g i / l - ! :  by

P
0 5 i )  - - c(O . ,p )  ~~~

or o

1

::ot~ scab s u : r ahove .

‘I ce two h:’rs r’t”nioe ‘cearon es l~~ i) ant P 3) 0rc termed

str’cc-t. -:r al rreasuoec oC CASISO ’  they ouc~ require a k o o w i e  I ’ .’e of the vote s .

r :’ t ion to be calcuda ’:o’i . This gives ther. or irsporta::I

pro : ticC a va~:t~~e over the more sonhrsticated rel.~m’ dl io~ importance

‘- e a r u ~- o s ,  be ;ao: e often the more detanled. ~c~ c w1e ye re -aired for the

calculation o’i these  latter searures  is uris ’s sairrablo . ‘ : . stroctora

e derived from tins: Birr:I’suo : : da I Ity .mrurtarice nearure-.

i :p) . The Birobaru:: structocal_ imsortance Oslo- ’ - ’ assume s a - °

reb ia5 il~ ty of ~ne—sulf for eec
1: 0051 c.rerit , chile the B—I .:tr cc lura

::ea, ’ ur ”s : oo€ : I (~~;n) ovor aj i  Ti u o.1 . To’ s lctli ca-asures
0 -

fe-ro n’ :seitiie r lii di nor ‘low coo cn’~nt ‘eli a ilities. ThIs say re : ‘ c - crC’

a ci i~~:cor:t we-n, nn~ rs or there r ca’” 5~~5 be~ a-cr-s co t cO  co~ ooner .t

reliab il it ies ,while c:~kno-wn, arc thouotst  to I~- l ’igh r.’L hrsr ’s  even •90 or

highe r l . It s o b  sem des ‘ai le , erefore , ts nt ’n nlop a measure or

“ci oD rig that ic r ’  ,:‘-t’ . sal (i -n . . is hare . solely coon l ine system

10
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structure l ’nnnst !o: :  ao l  therer”, ‘u not sp o i  ~~~~
‘ , yet is scor:ch w related

to the ‘3 rob aun 1 t :l’Lur ity I r::orta000 se’t:: :rC for hi ~n values of

tm1re new :‘andnin o p r O P O S C n  - x i  tIm. 1 l O l a  0 S ‘ : 1 0 1 ’  a •,‘:: . _ . Tel:: new

sanD ing 10 hasef upon cuts.

Definition ’ : A set C N t~ a cut it
’ an” only ~f çf 1~~~~~

l 0 for

every x € S  r~,:ch t” : ’ ,t x . = O  los- each j d C .  A rat set ‘I

:: ini ’sal cf end only if no proper subset of is a ‘m t .

The not ion’s of cuss and siin0~’a1 outs aocea~ vi -‘lely in re Liabi l :itv

theory . A kno’w lie ’i~~e of’ all the  min r,at cuts of a cobs-rent sy stern

(N.0~ is equivalent to a kmo ,-,te’is~e ‘of ~ since OI~ =- 1 if an’. only

if { i :x 4 = 0) contains no r1iroma,, ‘nuts. P~ r r c tho  no :  o sy  for cornp-otini

all noinis ad cuts for an arbtu’rarl; coherent sy stem -c’.’- : rncced  as a fau lt

tree appears in ( 6 ) .

Fo r ’  each ‘c ’nri:neot’ ~ of a ~:::~:P r~-’- 1’ cycle s ‘ ~~, i~
’ ) with t

minimal cuts,  let iceoto the number of union:: or’ i d i s tin c t
13

mm cuts that c on t aLu  exact-!’; corm-or -nuts an-I I ridI mis ‘s’omp:nent ~,.

1 P ’ t I ( ‘ I
1 1 1 < ‘° n~ c’~ b (- ) - 

C _.et
.5

‘h ~~~ . b~~~ , .~~~.,

i’:eftnit icri ; “woconent y is more cut-important thax~ o’ nn ’ onent k.

denoted £ > k , if and onl y ~~ s-here lerotes

iexi sog raci’u ic orderi ng. Components ~. an~ k are e c a i l y  cot-imps- stan’

de noted .i c K , if and only if = b~~~~.

11
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This i’ardr i s’1.~,s’~:ich provides P err :- .- ete or ~.-r in~.-l 01
’ as - ‘

o tn e:: t er i~ 3 s r i  of ‘I , oar-t i al r’nuulc I os dew :’ - c~ e in ,l: ’~~’ r,r icr napes ( —

lTxr - ’:v le_ 2: -~

I ource ~~
._____________ .

~ .1ç 0 ink

I t x i  = 1 — I — x ,x~~: J [l — :~n 1 x .x ‘11 — x x . ]

hic. Cuts: 
~ ~~i,5),  c2 = [2 ,51 , C~ [2 ,~~~, C =

C 5 (5 , Ii , 51 , f r- ’ ( 1 , 2 1 .

P-s r ~ thu ~,, . 5 -  ‘ow or e  as f ’, lo’,-.’n r d~~
1 

~, 
~~~~

( 2 )  o~2)~~~~~, (2 ) 7 (2) . ( 2) E ~~~~~ , ( 2 ) , ,
- “ f ‘—~~~~ ~~~~~~ 

~~~~~~ ~~~~~ — -~~ ‘i~~ - 0~ ~~
, . — - - , 0 —

C .- ’ ‘
I-’ -‘ ‘~ 0

( o \  (0 ’
1. Thus b ” = (0,I.- - - , —IL.). — I ,’ . Sis:I oa-rl-- .

I - 
= (2 ,2 , —~- .—l ,5 , —l ) .  b ’  = (0,1,—i , — , ‘, , —l) ,

(0 ,o,2. -5. O ,-.L) .  = (0,1,1, - J ,-1’ , (y )

= (o , 1, -~~. - 
‘
. 5 -  — l~~.

~
-‘ > 1 5’ - 5 = ( >

C ‘- ‘ ‘s c

1 ’

_ _ _ _ _ _ _
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’ 

L
1~~ - ’ ~~~ ~‘ P1- P ’, ~ P . !’~, P 1 — P 1h : 1’ — : - -~~

— P1P1P5
P. r~ ~‘ I

I~ (l;p) ~ 1
:

j f p
)

C - 1-1 J 4 I ‘
- i ’p + p ,  I~~( ’ ; p )~~~~p p 

~

ih
(
~~~s P P P P ~~~ 

I1 (6 ;p) ~~~~p’ - -p
0
~~~~p .

I
d

) = .1/5 ) 
O~l ( ” 1  = 17 ~~-l. i~ (~~) = 5

~ 
‘liD . 1,351’ ) 11/5::- , iç/(  ) - - 

5 
‘52

p~ ( i )  = . ,°~~-~2 )  . 5 i 0 , P~~( l )  . 100,

= .oso, p~~( 5 1 = .2’l~ , I~~ ”)  = .103,

Deno te the ordering of the component s induced by p~5i)  by >.. .. The n

“enot-o the ordering of the comoorien t s induced  by 10
(i) ‘rsy >,~~. Then

2 D-~~ 5 >
d 

1 
~~~ ~

‘ >~ I i .

w irlally. “enot e t - he o’-dering of the components induced by I~ (.;
D,’

c’ . 
~~~~ 

~TL:3 ~ or-Icr , re. depends upon tI:0 value of p . )  For any value

‘I



2 
1
~ 

~~~ 
1 

~ ‘~ h I ;

~
‘o: ’ 1: m ( -.L - l’ 5)/; ? . ’ . l , 1:s 5 .  ‘- o r’

Thus when p ~- . i i’ !se crdcr Lri~; ind 1-sed i~y I
~
(. ;u) ~i”ec trio c-~ose

or ’ :nD :’r ~‘rr - ~~~, - :1.1 for i i : :  S c’-:”n-- ;,iu 0:; do she other two rce055 “ cc .

‘ . 1  an ’ (.1 For p > .s’1.~ , bc- -se -i ’:’ , f~i - ‘ ~~- ‘ m ~~ h

1 n m -  ‘:- r - - ’ L r r t  i-r e t n  ‘her,s ’  cr t ” ,~ r Ol’bS’Ol  rip s- . Do: these !.i— -h’er ~~~~~~ ~‘t

p, the on’dertns : ~ -, an- , > r ,x ” ’ , , critical. Isi tb-c C’C” t se-:ti’’n tnlin

boss statement s-i ll nC r ;r C\—e ’: an , a general ces~clt about uo’ :!’~’nt cy cte nso
-of ini ,eoeriie-r ’t -c nn :-u ’o nt’s

I , Ana1~- n i r  of tee Cut~~]m r c r  sncc 2ankjn~ --° n,arc-,
~~~~ 5 ’- - : ,,

I :  stated in t}~ in to’o :s’ ’ - ’ t ’ on , ,  ‘b e  c’,:t i ’sn on -tar  c’: r a n k in g  has

three m a in  avo: as Ic :. ‘ocertie :~ LI it is base i moon rea’i i jn’ ~5btrsir;ah .c

tnf’omnia~ ion, ii ” Is ‘ , , nr r sy -e ’n 11’; cc .:’ ct I .  cm: 3 1 1 1  is in  :-:- ‘- : ‘c ,p

n-ease biased ~Ios 
‘n igh cc~’ror-err s ,’elirbIlitics . ihe fi m’t ‘‘:, ;,~‘rt ;

“ i r ’S’ O p e rt n o l r s h c  . ,  “m O P  ‘s , ’ s  ‘ i ’ I e n - inj c  is  c1 ’e”i oolL -s ‘-nor. t1—~ s ’ : -t r’ ,

:-‘ cruct’.,r”: j”’y ’:c l : ,’, ‘ sbn’s : , . ’n: t : i :  O ’~~~~’snts c:its f tl rv :t l ’ ’ :; . ‘ I l l s  ,;e~ t~ snn

I 30’ ’ :2 Ib ’-” -“ ‘Oz’ori’ : 00.1 t. ’ i “0 n:’5’: en’t I

The crociso -‘c :r,s,~r’ si tho 11,1 - - ‘ ‘ o ’~- cn ’ t , v  of t i~~ s’s t .- n’s: -

“n d- r n if l g  i’ ~‘iver 
i r ’  T~ “c- ’-e’c’n 1 011:3 1’ De bow . The f i n ’ ’ ’’, —: - m e-’: recater

the cot— “ :‘oon- ~ a’ r nk ’ n~ to l’s~’ h ir :nua ’~r- ~~~~ ~iabi  is’s’ xr s : ’c i ’ t ance  “casur ’

the ~~~~ c l - -c” the ~- -o::~’ n - ~r.t reli;rs h its’ s are esuol ‘s i r  Is ~sh.

l~,



JTT~~~~~~~~~ 
‘
~~~~~~~~~~i~~~~

’ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

‘Thec’l’e:n l For is ‘5’t ~~~’ r~~E ’O t 1 y  c -~se to c-ne . th€. orderings >
h 

a~-

s-’ are 1 entica.1,.
C

Droof: The above is a sirec~, no-s i l t  nsf Lt , ’: nsa I. wh’~ oh fol lows . Lnn ~ r~

the lemn u,, it inn Clear t:sr4- ,. k if  ansi -only if 
~~~~ 

;p) Ih
(k ;r

for all o . A1s ’s , ~ 5~ k sf an t  only if - 0 , and

- b~
’
~ ~ d i f  Orn: c-u t;” If I ( ~~~p i  > ~~ ( k : o )  f - s n ’ all p

s’:”~ ic ’emt ,~r~ c I L c , e  to ur ic .

Lemma 1: L(2 ;p ) = 
,,

~~~ 

b~~~ ~1-p~~

Proof : h ( o~ = P r (  E . )
1

to
wh~re 3 errr ~e~ t -~ ‘~~~‘~~~“t  at e’m u ” e  co’T’porent ..n mm ±‘ ucticr

1 - Pr(  Ti
i_ -i -

‘ - p the m o b  ;i flns ’ e, l , ic  i - u . n  p si  ne ,i s-le ( 7 ) ,

= 1 - ~ ( - 1 ) ~~~~ f~~.
i--i

‘ J O e re

1 I’r~E~ p ,,. 
~~ ~c

I 1~~~~1 ii ) K ~~~~~~~~~~~~~~~ ‘ ,L ~2 ‘1

dow using the I’ - ~n t5C!1  “ :5100 ac -u mpt i o n ,
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S. I Ti i - n j
- l < . . , ’ZI . . . ’-~j K t  L~ ’-’~ 

U - ,~ ~~~~~ C . --
- CI l ‘2

‘ - ‘he re C~ . C~ are the minsonal c- its  of the system . Thi s

~h ( o )  t - - ‘

= 
CO ( i ~~~~” I

t
~~~~i ’ ’2  

...
~~

‘
~~t c tLk ~ i

h-,C . - 
“ . . .‘ ‘ ~~~ 

-

‘~l 
‘b’,

- seal ‘ S L I p  = 

~2 = . . = p = p,  rum the dci ’ nit ‘co f d~~,

I~~~~;n  ,~ 
(-1)’ L- ’ ~l-1 ci~~-- 1=1 j= 1

~ ( 2 )  - -
= ) b ; 1,1-c)”

j= l

Ice now ccr ’- id”~’ the s-’s,~ -n Em” the c’s:rnr:-o :,cmn rel~ oi~i i it~ rc are

but ‘; riec’, :sl . Let ~( )  be a vector-valued f u n ct i o n -o f the posi°- ive

scatc , ’ ~ t’nr  which ( K o. ( c )  ‘- ‘ I for  all u-. (o, - ) ar; I 1 “~ i n .

Let list c,’ ’, , )  s . n± ’ort ,s r ,usteI~ r , it is ncw~’ in gene ra ’s true that the

n”: ‘ n o n  oi no in nduce) ly Ih ( ’ ;
~~

( c ) )  s” incides with >
c 

for  all

::t D . c  Iens~ty c buc e  to -:ei~~, n50: , ever with, som e a h1IO : s-n o cn :surphion:

m o ( c )  m’-’-c ri~t i’ j ’i, 1 ‘en : s it s  along thes”. 1ir:ec are :,-c’cri lie. 1-’jrst

w ’  e ” t a il l ch  a :iopJ.e t’o u’n::uba fo r  the f i rst  :n,n~-s,er’o c: u r d in a t e  in any

vo(”’,nr b’’~ (Corollary 1 - bow

1.,

‘
k~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Proposition ~ For eo ’h orrpunent k , ~ct be thc’ ’:- ar:Iinality of

the smallest minimal r u t  , oprt ’f ruing component k , ar~ let f. he the

‘-ounber of minimal cuts of car- -‘ cli ‘~~~ -s :‘ontair ’.nnr ~’ K. then

k m
i” e~ = ‘n i n (j : b i  ~ ‘,) ) ,  c.n.n I L ’) =

Proof. By deimnit ion a , = f , . Also anp un :on  of two or more

minimal nut s at l ea nt  one of which c -s-cl aim ’: ,~ iso::’: ‘nave co,:-:iinatity

at. least e +1. Th’ns = 0 for  ~~ i i > ‘ . Thes-eforeK

b~~~ = 
)-‘

~ 
( 1 i-1 dc~~ fek i=1
’ ek K

Also, since component k is coutai ne- 1 in no cuts of cardinality smaller

than ek, ~c 1~ 0 for all ~ ~ e . Thus bY~ 0 for j < e~~.

Corolla~~ 1: (i) U e~ e
1
. ~fren £ >

(ii) If e ~~~e an” f > f , . then ~~> K .0 K £ ~ c

Theorem ‘
~~: 

As-iu”:e ~,het for sor:e ~~ “m

‘51 ‘1’ ’’  1— < - —~.— for all o ;mt f :c se r ,t tv  cma~ 1 ~~~.M — a , -, ’’ :  ‘— 1.:, , ,
1 ,

~

If either i) e
2 < ek, or i i )  e1 = ek and (~~ ~k > 1M1 Mj

k , then

lucre exists an C >0 u-uch that  j
~J’ :~~~t i )  > ‘I

’n
(k:”c)) for all

‘roof: C-ce Theorem 2 in ( 5 ) .
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- ‘ - -- .-‘-‘---—---- — -----, ,—
~ ,~~~~~- , _ - -— —.—~~~~‘- -=~ -, - ‘-- ‘--=,-,~‘r

s- n- i ho ‘ s~~s’ Lt~’ ’ ’ i ;’ f l; ,  tI er--s i tnt: 2 or- ,’ cn n m- - ’  v ~- : : , ‘ t3’ ~~~ h ot-  t i iel  r value

is si ’mtc L3 t c u s , ; :  ,~~ 
‘ ‘ ,- , ca :se ‘sIn - n t vj ct to: Es F ,€ ’ ‘ -n ’n ,e b oo ‘‘or , : (,; v  From I - - Ira  I

s ’a,: -~~: ni 05 ‘m r - en’  u f ’ ‘nbc s :t—i ::: ‘a “t ‘sr: 0- rend ’ 3 r~’ 5I1OLJJ t : -s - - wkire L ust

while the r ~mi1 i ng omo : be U S O f L , i even - : ‘s n - ‘c a :‘nc-r ,’,. reliab i 11 n ,ies ‘ire

nsoc’ - -,t , it  m i S - v he m : l r b p a n i n :  f thc ’ ’,t i t i ’ ‘r’smc:: in ~~~~~~ :~r ’ e : . ’ of

o3 the - :‘sre ,,i an: ’:l _ k ,:cs are too ~-i r€at .

‘ e  nsa - , ~,.us ’n to t ime n - r e .  l i o n  of ho c”,nsuu ’n s 4 . ’ ~nal n .smp L~x:It:ec

“ 0 :  ill , c ” - ’ :, ’ L, ’mi tr ~0 ‘It s c’at— o ’ ’ ” t.s.nu: s’ntscsn,g o~ 5 ::i ’ , : ICSS E

It j r  clear ‘that tIne tu-, n~~ of  con’:cut~ n~ç ‘she ent ir e  vector

f-ar e’~s:In “-n’ : - rs ’mc’nt  K cu r -  be a far ic i fasle  one for a o noplex cy ste st

~ri Id , n’ :rsnv : : , :nn:r , a - out,: . Hose nor , I rocoss s:Cn •, m ’ s , (lcr ’OI ,ar’i,P 1 - - know

ti,at often cont -orent: :  ‘cam: be conc’) ar ej  cy r~rtiy ,ieie :r ,in i ’~~ tn-n  ear ly

:5 - :oute-o un antit  los ek and i’ . l’ o:n’ mn : t an ,ne , in Exa’::’sbe 2 on rages

- 1)4 , it is tsc ,, - o :b t e  to den ,e  :nstnine that

2 1 - — 5’> U 3 ( -
~

C

‘ n  sr ’I r  ‘- - cnr ,e n- b lsc , sinc ”~ the : t:”-, :n ,‘.me D,:~’- s l i o : :  is nn~m:n.e’iriC ci

or: : ”. - . it It;  c ‘ n~~~ that i I. ‘flu’:. ad:Iit±cmnal , calculations

005’ c ’ ’  c-r i -only ‘so ooc4~are ; . s s t c u e - m~: d e.r .1 5. Ac com m be seen: foot ,

‘1 ~ai 1 n ( “~f “ le °, ,,, “ I ‘m-’e 1- o” 0~ I s

i n  ‘:etei’:s, ’, iie-J by ,n:::- ’~’~tj ~~ the next ent r I es  i n  ansi b~~~’ .

‘non Ii’ a:m ~~~~~ The las I three c ’ . r ico in  casks v e - s t c r  b

are n- n ’cl ’nv ’-vm i Don’ tIlE - C i  5 1 : 0 3 0 3  nI’ ranking h e  component ‘ - ‘In this

- ‘ ‘us - -Ic .
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In general, most components can se compared by determining

the first non—zero entry in b~ via Corollary 1. Cthc-r entries

in b ’~~ are computed ‘only a’  nece:’r-ory ,

Computations can also be si,m’: t ’nii ’ iei when thi, :‘ystem ‘- r:ley’ ,non-

sideration contains subry ste c :,  or ‘ nr ,o’iule: s” .

Definition 10: The coherent system ‘,A,X) is a mod -sI c of the coherent

system ( N , O )  if and only if

A AC

~(x) = ~~x (x ), x ) for all x S

where ‘~i is a coherent structure f unction and A c: N. In the above,

A . . .  -x denotes a vector wath components x1, m t A, ann A = N-A .

Intuitively, a module is a subset of components organized into some sub-

structure arid, whi ch  affects the system perfon’nance only through the

oerformance of the substructure. The following proposition, due to

‘~-irnh aums ( n ’ , gives a formula relating the Birnbaum reliability importance

measures of a system and its rro-:lules.

“ ror oci t ion 5: Let (A , -K) be a modu le of (N.~~) and let

ar’,nI I~(~ ) denote the Birnbaum. reliability importance measures

for the  structure functions ‘
~~ . ~~, and ~r , respectively . Then

I~ ( k)  = I~(l)~ I~(k~ for all k ~i A .

19

- 
— —

~~~~~1- ‘ —~~~~‘ — ..



- -

~~~~

- - - - ‘ -

‘ i s o ’i ’: ~~~~~~~~~~~~~ 
( , ‘ 

, “, ‘ In ( ‘ ‘
~ - ‘ ‘ .‘ ‘ . ‘

~~ 
‘
~~

- ) I ‘sv t \ m n - ’~ I a

‘‘I” ‘l ’ m r - ’ ’ n n “ , ‘ ,~~. n : ’! ren-~-~- - - ’i’~. ,,

h~ £~
‘ li (b K 

mj ’ ’, , ~

‘Jr r,~-’ 4h-- ctm ~h~ n m l ”  ‘or t i fn ,r~-nt iat,ic:n ‘~‘I€, 
- - s ‘use “ s ”

LI

1 . )
h)” C) l , ‘s ’n’ ,, ? :  I a”  I- , I on -k b -den ot e  the vectors c- ’

s i n  :n~: in ‘~, -2 , a n t  ,:‘ , n ; - ’ - ‘ “ ‘ ‘,‘o I’’,’ . ‘LIter ,

V 0 ‘
- b k : ~~~, fo r  all ~~~~~

, ‘e r e  ‘she d e f i n i tio n  of ‘e is est€ ’mi ’ : ied to 10010 n E’ ,‘.CSC oool ’:1r~ates

‘or I 3 1 
• an h is ex son led ::i;’,i la.-’]: . ‘lb’s ~ ::‘ove eac’ at i- ;m j~

- . t an c: n r e r c r n r ’, of “he fa-”, th~’t b ’” is thc aon’i o i,”- t i o m i  of the

‘inite Se s ’ s -a-n - s- ’ sn~ s~~
’.i

_l~±i’ 
By I e;’asa 1 ‘sI ‘ y~np o c ’I t i~crc ~, ,

n ,~ A~~ ÷l ,
~~ ~~ ~

, , ,
~~~~

,
,

/ ‘b 1~~ j~~ ~~~~~( b ‘) 
— 

(~~~
j - l  ‘ 

‘ 
~ “I, “ j =l ~

- 

j~~l i~~t 

, l1  
~~~~~~~~ 

_P
~~~~~.

- I l i n -se thic ‘c -cal :  ~I’ holcu Cur all 0 ~- ‘~ - 1, each pair  of coe f f i c i en ts ’

o ’ the ~~ r ol , yo n - ” t a I s  cost be ~dent , i ‘al.

_____________________________________________ 
__________________ __________ ______ ______ j



Corollary ~] can be applied to make the calculation of the cut-

importance component rank ing simpler when the system contains modules.

:x ~mp le I ’  (continued~ Components ~ and 6 form a module .

A = (5 , ( -~~, ~:(x
A ) x~x~- , l~(z,x

A
) = 1 - (1- x,x ,x~)(l - x,z)(1 - x2

x
5
).

1x6 
= ‘ l )  ~~‘r l 

= (o,l,o,-2,1).

By using the concept of the dual of a coherent system (2),. It

is possible to develop a component r-ankirmH onalogcc r to >c , but based

upon minimal paths (2) instead of minimal cuts. This ordering can

be shown to be identical to the ordering induced by Ih(;p) when

p is sufficient ly small.

I. Somponent Importance in Multi-State Systems

This section deals with extensions c-f the results of the pre-

ceding sections to systems in which ‘both the system and its components

nay be in any of a f inite num ber of states. Of course , any such increase

in the sophistication of the model used to represent a real system

entails both advantages and disadvantages. An obvious advantage is

the increased precision with which the real system can be modeled.

The disadvantages include the necessities for collecting more sophisticated

- alma and making more complex decisions about how the model should be

fitted to the system .
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‘l’h~ s exten~,i’
,,~i: to u , .,Lt1 .- :’, I ,aS,t ; ::.u.”-’ - it ; n - ’ n. ” - ’ - m ed to , , -t ~ we :t

h a t  bine,r\’ mo’.:-: Ls ale t f ,t~’ks’ ,.’ n ,m~Lf~~ , i’ ~~‘~‘ ‘ - - - -- I  ‘ ‘i’ ”’, , I r ~ t , ns~ t ~a:’ec; t ’ s ,n 1,~

‘cc n o. ::, e s -  j 3 . ‘‘O,, ’ :’[e , S O t ’s UI ‘Ot,’: o— ’: a ,‘ ‘:, ‘‘.IL I s - , - : r ’nase fl I

r ! , o:, n ’ er  of ,at o ’ ‘a’, ,  to 5’ :: ’ t,’t~ ‘ “ tn !’ilar : , : I n: ) car: n e t ’ s  I t  in a ‘socks

‘ :0 0
1 

-

‘,lne s f  tm.c :‘rn.i,r ’ ’if’”i-culties wstb molti— -:t’sS-e “ c ” - sls is tie

: 5 ’ S ’ ,ec e -i  n—.’o,~tiorial ‘ ‘ ‘ - ‘ - ,, e, : - t y ,  Fo r ‘ : t j n 4  n’-’sasc-n as’s so -’ the l’ C(: .,:: .

51. - OS I nc n’ .,”, : - e ”  cII’ s ’ :st~ s in &. s” ac 15’L’sai -: el .aos’: c- s~-’~-t rm ’ ,a i ’  If

‘she s,o id : ,: I- :- do s , a:’’,~ - eahl a . - :ne to) Lowing - :e’’in . 4,orss ’,-;ill be ILi’,’e:

°or ‘s~~n’na~ ’,’ 1t 1’ ‘ ‘ - c  “ -‘tate) :‘~- ct-,m’:’, ’ . \‘~l , ’a r:e’s’,r the ‘sxtc’ni’i_ , n of ~ ‘:ns f lr , i  I c e

o c r  esu].t to ia’s:e ‘- ‘‘~l n— -a ts,tc- - ‘ - ‘ ‘ n to :- , ’ . is’ coo l eu~ - ‘ 
ar: ~,onp La’natic,rn s ill

gi-cen.

The study  of ::‘.‘,liti— stc,tp ‘cv,’: r~ , , - I a - ‘--Ia ’: v- ” 7 ,y s e’s are’, .. in

:“e’L iahility thor,’-”. i-4o,;’t n , y - t , : ‘h,ss 10 tl.:s - re’s :os’s’- ’ roat~ witl’n o’:’nerr, - ,? , —

i :n l ng  part icular c lasses of l’c,:sttr ç~~)~ 
(n\ ( 1 0 ) .  ( i i ) .  The sss.’t

-e,mseral aa’s-u’r i t s  -ho area is .-ns ’_ u .;  s ( I ) .  Let X , ‘ ‘~ - t o ~~~ t ins ’ a l- n

cf conp5000t 1. ~~~~~ 0 , 1. 1, 1 < . )  ~ 
‘
~ - 

‘ ‘scm a ccl 1.-nctjon n-f o’’ :‘InFh.

cuts  C 3. C f ,~ chick ’: io~’in’se t i e  sv :t ’n” , s tn ’ i ,”. :”n . -os s,~w n e f i m : c ,’:

the 55’s-t n ’ ’ stat e ‘‘‘1’ ’ as th~ ~t-at~ of ‘ ‘ ‘ ‘ -  ‘ I-cs ’- ” ,: ‘ : ‘nt ~ fl ~ ‘ne

“s,-o ,rs’t ’ n ir~ c:t. i . e . .

n- t i n  ( “ ‘a’, ~V 1 ,

L” i ’ s  ,j ’ - ‘2~

L~~t ~~
. h’s ’ - ’ ’  -in k  l o t  n i  = I~~~- )~ - ~ 1k’: ~.T ~o !  il a”c

i ir s-a r-v , O ’ s k  i;r :5 a l ’- ,n’n~ ~or: only of 2. “c‘anSe 0~~
’ th~i ’ ~ I

cost , resn i ~s s’s-c’ :1 binary COi , e s’s -, , ’ , ‘‘ c s-to ’s: :a VC inc-ed ~ot” cer ,erali , ,a t snsn : ’



- t n - l e t’ B’u i - ,, ‘ s ‘ - ‘to ’s ‘ ‘ d e f i n i t i on .  io , , ,’sve~~, n5~~~ , , -)5 I • , e f ’ini  tics, tray

n;-~~, ‘be r’ t’fi.cieritly ,lener’c~I Co “ c r5 ’ C . “s‘~ t -~- - -

_______ ~Inj ’i ’’e  2u1,’-—I Iv- :tc’n” of’ a LTs .°’t , “ n l r t — E n g i n n 2 ,4ir’cli~c r -

0 - ‘I’ o r , ’ see , r ic ed (ts ”c sn’  lea- I j r  air ’s

Los, X .  - 1 :f O0 t~; 5 5 . 5-  ,~ is ‘h”~ i:t’ , ,~~”- ’ ’ , 1. 1 ’

i f  engIn e  ,j’ is; “ - v ” , . , “ si c-n o ] .

0 If eC rsne ‘ca;srt nc t teas] ‘s,r 5 er o O v ’n s ’.

0 .~ 1 ~
‘ c,an~ ~r ”ie~ ~~ n ‘~

) f plane a~ ra~~’cn e

ir, tine fo1lo~’ing d iagram , the c mroncn:t states ‘c.re clr-s’-,,’n in a lattice

arrass,-senent according to the Icc s_than_or_ocsn al _to re .at ion.

= I -lkH,1 ) r’ 0 C’
~~O , 1~ = ‘I,

= 0 d(o , 1) = 0

= 0

I

- ~~~~~~~~~~~ ‘~~~‘ - - .‘- ‘- — ‘~~ -‘ -— ~~~~~~~~~~~ - —‘—~~~~~~~ ___‘-“- ‘- — —-



-‘

i n 1- “ ‘ - n ”  ~‘s’:n t,en ‘ams; : e f t  ~ ~ntc “,he I’i ’ant .” - ,’or ~ of I’~’:r lc’ w ’ ~

.0: . T o ’ , cos- ; ’nasu-I: : , u e such , , ,  l oss , a n :t un ’e W e S t o n : ’ , ’ oil nit , - r of

a mui’ , ] — : : ’ t e  com , u r t n n O -  ‘;‘,‘ :“ ‘~- ‘: :s 0 ’ ’ - : ’ - 0 O ’l  k elo,: .

I,’- ’ 2 f x  Ji~~~:x . = (5,1 ,, ’, aol tat

(x 1
, x x . 1 , , ,c , , , , .. . , x ) .

,e t ni ~~sion I L :  :lc:’s .,c-r ierrt i is re ’.-~s, ’~’,’i4 , I f  an si or ,’I’, it’ l ., x ’ f -‘~~O ..,’n

‘b’s’ some x ‘—,. S. l t::-’:rs’cIse c:,n’:- cr,em t , i in : irrelevant. , .‘ ,‘-:‘s-n ’ns-ssL. i is

Cull,’,’ rel evant it~ art- ”, snl .y i f ’  0 (2 .  :c ~ ~~ l. , x~ Cur nuns -c s’s ‘C C
1 -- - 1 —

-‘sod ~~ I , ,t ’ -I’ 0 . ,~~’ for sorme - - S.

,‘lefir,it:on I, -: A ‘stna’.ctuc’e ~ ,~nctioo ~k’ is coherent if ‘cast scrit’.’ if

~~2) - 0: d’~ll ’ ’ = 2,

u i  ~~(x ’ is non-decreasing in x ,

i i i)  ea :l: ’. orlp -ane”s:. is

‘: 5:0 - o ” - i e r e - k  :sair (N , c~) is cal ]e]  a (genern ’ i se d  co’ tcn’ :’& , n . y )  coh er ent

“sen’s.

If a ‘c~o,o or1or:t in not Cs ilv ‘ce .ev9.nt , then orm T,y t’~~ state: ’ are

cc: : to -describe its :1’s’, :. - . G’:ck ’n co:nsponents are s” ensnc i sni ble in

a :.:on’sr stlis’ed col’nc : ’er.t system to al lo t 2-sr a mixture o±~ b inan ’y and

n ” : ’na rr  ‘cO” loo f lO ’s t :n.

2,s~
1:nc tL,-s matrix P 1~ - I b’s

1,~

0 ] ;  = Prlccr’npc’neet I is is ‘ctate ;fl, 1 •‘: I n,  0 < j  I’ .

‘-‘ I,

- — — ‘ -~~~ ‘— —-- “ - ‘  . -‘ ‘— ‘- - _____,,s., ~~~~~~~~~~~~ “—‘  —‘- -—- ‘- ‘--.‘ - ‘ ---—,--- ‘ “- -‘- ,  — -‘-



‘~r ’e  t el ‘ ‘c ’ ’ ’ I cv ~~~~~~~~ 
- - H ” t , i , : .~~;‘~~v)er r

I’ me

‘,, “ n~,- n ’ ”  ( 5 ’ - “: < ‘ ‘ . ~i’ ’0n ” ‘.i , ’nr’l ic ’i t ’,’ , tl’ie - e ’’crsden’.c’c’ :s,” in k ’ ” ups ’s, a

iS ‘s ’ ” s t ’ s ’ . ’ . ’ ’ r ’ ” In ‘ n , , r ’ , ’ , rj~’. ; :~ ‘sot: a ’s: ,’ - .r’’ i ’ y ~ ~,, k . s t  (~~~~, A )

‘ ,‘ ‘r- ’h’ I : n O  in S -n ’ ’ :’- :I’c~ ,o ~ , I t 1  
~
‘‘ ‘l” L ’s ‘ ‘/‘ ‘ ‘ k ’s’

a , ,  I, ’ ,~~,

-
~ 1 1 P. k .

( 0 j  ~
, f 
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1 ______________

‘l ist cut s :  - ( I .  ~ 2 . 2 ) .  E )  111 t cuts: = i j ,  E, (21 )

( L i . :s- ,

(1. = t ’ s  ~~~~~~~~~~ I S )

( P  denotes th ’~ en- ply set. )

While it is in princ iple posci ’S12e to develop a :n:’rc i12ete cut—
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_-—— - ~~~—— . ‘ —— - -—~~- - p

12: in the h rn a~ 8, ‘s ’5S-nn~. each of the r , -: imp ort -arc ’;  rankings is c u r —
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Tow as an ‘.mme-T -a’- ’s ~u m n ” - n .-ern-;e of c ;n C -S e f in ,t t boc  of

x (~~~ ’ ~t y (  

~~ ‘
~~~ . stair - ~4O ’2 ~ 

~‘u rLu ’- ;morsc , C~~ C”2
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Thus in 1:-iris case. also , ‘i Si e ‘ wa ars ier iag ; are ,-ons’ ‘t(’’ ’ - “cr’ ‘

u u f f i c i e r n t l~; ‘s’-nc II .  i’iris en ’ ’ n ’ - Ii ul -n es th s- tir es-en f i) 5 ’  ‘i)l I’~e rfl , r
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r , s
C
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‘h 
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The remainder of the proof is ‘lert -bcal to t i re  r ” -,  r case.
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v_v
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(;iven a sy stem composed of many sm _ rnpo  h e a t s , a questic,rn or L om ,~kd .-rab le

interest is which components are most relevant or - ou c l a l  t i  t i me proper
functioning of t he  system. in responn~e to this question , a ntit::b ,’m: of La -

por t ance m e a s ’m re s  and ra nkings have he~n propo sed . This paper investigates

:1 n1e c~- r a r m L i m 1  and compares it to as sting rankings , priactoa ll y the ranki -ip

Induced by the Si rnba um re l iabi l i ty  Im pa rtance meas ri re.  The new r a n k i n g

i s  hased up on ‘ i l  imo l cu t s  and provides a comp lete order  leg ui all the

system ’s components relative to Lts -eir importance to the syst .- n- - ne r e l i ab i l i t y .

Ti t le  ranking has three mair points in its favor , (i) the calculations in—

vol’s-€’d re q u i re  only readily obtainable information; (ii) the calculations

are . m s - u o l,!y qu ite simple ; and (iii) the ranking is designed fo r  use with

systems consisting of highly reliable components , ~:he most s(y’mlOn case.
l’mi e final Sect j on i of th- ; paper deals with CxteflSiOnS of itn:~-srtance

measures and rankings to systems in which both the system and its components

may be in any of a finite number of states . Many o f the re ’n .m i t c - about

impor tance measures and r ar .k i r ,f~ for  binary systems established in ~r~cedi rg

see t~ c’ns are shown to extend to the more sophi st ’sc ;ited m u l t i —  tate ;vstere ’ .
Also , the multi—state importance measures and rankings are si c-e n to be

decomposable into a number of sub—importance measures and r cnk~ ngs .
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